Following Rosen's quantization rules, two of the Authors (CC and FF) recently described the Schwarzschild black hole (BH) formed after the gravitational collapse of a pressureless "star of dust" in terms of a "gravitational hydrogen atom". Here we generalize this approach to the gravitational collapse of a charged object, namely, to the geometry of a Reissner-Nordstrom BH (RNBH) and calculate the gravitational potential, the Schrödinger equation and the exact solutions of the energy levels of the gravitational collapse. By using the concept of BH effective state, previously introduced by one of us (CC), we describe the quantum gravitational potential, the mass spectrum and the energy spectrum for the extremal RNBH. The area spectrum derived from the mass spectrum finds agreement with a previous result by Bekenstein. The stability of these solutions, described with the Majorana approach to the Archaic Universe scenario, show the existence of oscillatory regimes or exponential damping for the evolution of a small perturbation from a stable state.
INTRODUCTION
Black holes are at all effects theoretical and conceptual laboratories where one discusses, tests and tries to understand the fundamental problems and potential contradictions that arise in the various attempts made to unify Einstein's general theory of relativity with quantum mechanics. In a previous paper [1] , two of us suggested a new model of quantum BH based on a mathematical analogy to that of the hydrogen atom obtained by using the same quantization approach proposed in 1993 by the historical collaborator of Einstein, Nathan Rosen [2] . In this view, BHs should behave as regular quantum systems with a discrete energy spectrum, finding similarities with Bekenstein's results [3] . The quantum properties of BHs are ruled by a Schrödinger's equation with a wave function representation that could play an important role in the solution of the famous BH information paradox too [4] . This approach, even if it presents some mathematical analogies that recall the behavior of the hydrogen atom, is different from that adopted in [5] , where the evolution of the BH microstates are described by a perturbative quantum field theory defined in a Schwarzschild metric background and a cut-off is required to replace the transverse coordinates by a lattice.
In this paper, we extend the results of [1] to the class of extremal RNBHs, starting from the gravitational collapse of a set of dust particles with electrostatic charge. Also in this case, the study of the collapse of a simple set of dust particles can be a first ad valid approach to face the problem as it presents the advantage of finding and putting in evidence some fundamental properties (or analogies) that can be found also in other models characterized by, e.g., more articulated descriptions in terms of quantum fields that require a more complicated interpre-tation. In any case, this method, even if simplified, has a good validity as, up to now, there is not a unique and valid theory of quantum gravity that suggests a specific model to use.
In Rosen's approach to the Schwarzschild solution, the ground state can be interpreted in terms of phenomenology at Planck scales, with the caveat that the Planck mass found as the ground state can be interpreted in terms of energy fluctuations, graviton exchange equivalent to wormhole connections avoiding the presence of a singularity in a flat background [6] . This means that when the BH evaporates leaves a flat spacetime where quantum fluctuations occur, in agreement with the standard scenario.
Thanks to the simplicity of the model used here, within Rosen's framework, we find the gravitational potential, the Schrödinger's equation and the solution for the energy levels' collapse that lead to a RNBH by focalizing our attention to the extremal case. Also here we find that this simple model obeys the rules of an hydrogen atom and the extremal RNBH mass spectrum is found as an exact solution. From the mass spectrum, the area spectrum is also obtained. What is really interesting is that, in any case, one finds that the energy levels, the evolution of the quantum microstates and the evolution of the perturbations of any energy level found obey a mathematical structure similar to that of the hydrogen atom as it was in the early days of quantum mechanics; this is essentially due to the spherical symmetry of the system and the solutions may vary from model to model depending on the mathematical shape of the function that describes the fields and acts as potential in the Schrödinger equation. The advantage of analyzing such an oversimplified model is that it can give some interesting hints to the understanding of the phenomenology at the Planck's scales.
APPLICATION OF ROSEN'S QUANTIZATION APPROACH TO THE GRAVITATIONAL COLLAPSE OF A CHARGED BH
The gravitational collapse is one of the most important problems in general relativity. In particular, a complete description of the gravitational collapse of a charged perfect fluid in the class of Friedmann universe models can be found in [7] . To describe the interior of the collapsing star one can use the well-known Friedmann-Lemaitre-Robertson-Walker (FLRW) line element that can be written, in Planck units (G = c = k B = = 1/4πǫ 0 = 1), as in [8, 9] :
where a(t) is the scale factor. Notice that, by setting the value for sin 2 χ, one chooses the case of a spacetime with positive curvature, which corresponds to a gas sphere whose dynamics starts at rest at a given finite radius. On the other hand, the external geometry is described by the Reissner-Nordstrom line-element [7] 
where
In Eq. (3), the quantity M represents the total mass of the collapsing star and the parameter Q is its electrostatic charge. The internal homogeneity and isotropy of the FLRW line-element break up at the star's surface that occurs at a certain given radius χ = χ 0 . Thus, one has to consider a range of values for the parameter χ defined in the interval 0 ≤ χ ≤ χ 0 , with χ 0 < π 2 during the collapse [8] , with the requirement that the interior FLRW geometry matches the exterior Reissner-Nordstrom geometry. Such a matching is given by setting [7] 
and
In the following we will apply the Rosen's quantization approach [2] , who described a closed, homogeneous and isotropic universe, to that of a collapsing star leading to the formation of a RNBH, and discuss in detail the results.
By solving the Einstein-Maxwell field equations, one can find a system analogous to the Friedmann equations with the additional terms derived from the electromagnetic stress-energy tensor [10] :
having set the cosmological constant term Λ = 0 and E 2 0 ≡ Q (a sin χ) 2 . As it turns out, we can deal with these equations by using a similar procedure as in the standard case [7] . Equation (6) becomes equivalent to
After taking the time derivative of both sides and using Eq. (8), we find that
where M * is an integration constant. In the absence of electromagnetic field (i.e. for E 0 = 0) we find, as in [1] , that
Hence, we can deduce that the integration constant is
Finally, we obtain the expression of the density as
Using Eq. (9) and Eq. (10), and multiplying by M/2, one obtains
which can be interpreted as an energy equation for a particle in one-dimensional motion having coordinate a:
where the kinetic energy is
and the potential energy is
Thus, the total energy is
From the Friedmann-like equation already discussed one obtains the equation of motion of the particle with momentum given by
and associated Hamiltonian
Up to now, we faced the problem of the gravitational collapse from the classical point of view only. In order to discuss it also from the quantum point of view, we then need to define a wave-function
Thus, in correspondence of the classical equation (20), one gets the traditional Schrödinger equation
For a stationary state with energy E one obtains
and equation (22) becomes
Besides, by considering Eq. (17), equation (24) can be written as
Now, by setting
we can write
We note that this potential has been deeply studied in [11] , where the authors found the energy spectrum that in our case is
where n is the principal quantum number. It should be noted that, when E 0 = 0, we recover the result which has been found in [1] :
Following Rosen's approach, then one inserts Eq. (18) into Eq. (28), obtaining
The last equation admits only two acceptable solutions, namely
where β = 16πE 2 0 . If E 0 = 0 (i.e. β = 0), then one obtains
The second solution, M 2n , recovers the previous result presented in [1] , where the ground state of the collapsing star is found by setting n = 1. Now, from Eq. (33), for n = 1, we obtain a mass spectrum equal to zero, that is unacceptable from a physical point of view. Therefore, one has to consider as solution only the value M 2n that we will write from now as M n for the sake of simplicity.
On the other hand, by using Eq. (18), one finds the energy levels of the collapsing star as
Eq. (32) represents the mass spectrum of the collapsing star, while Eq. (35) represents its energy spectrum, where the gravitational energy, which is given by Eq.
, is included.
ENERGY SPECTRUM AND GROUND STATE FOR THE EXTREMAL RNBH
Let us consider the case of a completely collapsed star, i.e. a RNBH. Setting χ = π/2, and evaluating equations (4) and (5) at τ = 0, we obtain
having considered the initial velocity of the collapse equal to zero. Moreover, now it is also
. For the sake of simplicity, here we will discuss the extremal case, that means M = Q. Thus, Eq. (36) becomes
with E 0 = 1/M . Now it is possible to find the potential energy of an extremal RNBH, its Schrödinger equation, the inert mass spectrum and the energy spectrum. The potential energy is found from Eq. (17), (25) and (28):
The Schrödinger equation is
and the energy spectrum is
The mass spectrum of an extremal RNBH can be obtained from the energy spectrum by recalling that E = −M/2. One then gets
For large values of the principal quantum number n of the extremal RNBH, one gets an approximated solution of Eq. (41), that is
This permits to write down the energy levels of the extremal RNBH as
Actually, a final further correction is needed. In fact, based on the absorptions of external particles, the extremal RNBH mass changes during the jumps from one energy level to another. The RNBH mass increases for energy absorptions. Therefore, one must also include this dynamical behavior to properly describe the properties of the extremal RNBH.
To do that, one can introduce the RNBH effective state as in [12] . Let us consider the emission of Hawking quanta or the absorption of external particles. Starting from the seminal work by Parikh and Wilczek [13] , one of us (CC) introduced the concept of BH effective temperature, effective mass and effective charge [14] . In the case of an extremal RNBH the mass equals the electrostatic charge; to describe it, the use of the BH effective mass concept is sufficient. More precisely, if one considers the case of absorptions, where M is the initial extremal RNBH mass before the absorption and M + ω is the final extremal RNBH mass after the absorption of an external particle having mass-energy ω, the extremal RNBH effective mass can be introduced as in [12] , viz.,
The effective mass is defined as an averaged quantity [1, 12, 14] and actually represents the average of the initial and final BH masses [1, 12, 14] before/after the absorption. In the present case, this averaged quantity represents the extremal RNBH mass during the expansion. Therefore, in order to take the dynamical behavior of an extremal RNBH into account, in the case of increasing mass, one must replace the extremal RNBH mass M with the extremal RNBH effective mass, obtaining a potential
The RNBH Schrödinger equation becomes
The introduction of the extremal RNBH effective mass in the dynamical equations can be rigorously justified by using Hawking's periodicity argument [15] ; see [1, 16] for a deeper insight in the mathematical approach. Now, from the quantum point of view, we want to obtain the energy eigenvalues describing absorptions phenomena that start just after the formation of the extremal RNBH, i.e. from the ideal case of a RNBH having null mass. This is obtained by replacing M → 0 and ω → M in Eq. (44), obtaining
This permits to write down the final equations for the extremal RNBH mass and energy spectra as
respectively. Now, one recalls that the relationship between area, mass and charge of the RNBH is [3]
that becomes, for the extremal RNBH,
Consider now an extremal RNBH which is excited at the level n; if one assumes that a neighboring particle is captured by the extremal RNBH causing a transition from the state with n to the state with n + 1, then the variation of the extremal RNBH area becomes
and, by combining Eqs. (48) and (51), one immediately finds the quantum of area to be
A similar case was analysed by Bekenstein [3] , who considered approximately constant the RNBH mass during the transition, obtaining
where the quantity ǫ is the total energy of the absorbed particle. In Bekenstein's approximation it is 
This shows that our result describing the quantum of area of the extremal RNBH is consistent with the results found by Bekenstein [3] .
STABILITY OF THE SOLUTIONS WITH RESPECT TO A PERTURBATION
The mathematical analogy of the gravitational collapse leading to an extremal RNBH with that of an hydrogen atom, presents additional advantages that can characterize the stability of the solutions, already found, with respect to an external perturbation. This is obtained starting from Rosen's approach to cosmology and from that in [17] . The Schrödinger equation ruling the gravitational collapse of an extremal RNBH, as in the Archaic universe scenario [18] , can admit the existence of oscillatory solutions induced by the perturbation or an exponential suppression of the perturbation. This behavior is observed also in universes represented by a dust model with cosmological constant expressed in terms of Bessel functions.
Consider, after simple algebra, the general mathematical form of Eq. (46). The generic Schrödinger equation for the collapse of a RNBH becomes
where ′ represents the derivative with respect to the parameter r, and the function P is defined as
We can study the evolution of the solutions of Eq. (46) by adopting the approach by Ettore Majorana in his unpublished notes [19] for the study of the stability and scattering of the hydrogen-like atom as in [18] . Thus one can write
The equation of motion becomes
with the general solution
and A * and B * are two coefficients.
Let us now suppose that the perturbation is small and slowly varying, namely, |P ′ /P | ≪ 1. Then we can set, without loosing in generality, u = P −1/4 and P > 0, that is obtained in the following interval:
After having set the values of A * and B * from the initial conditions assumed in the gravitational collapse, and considering
we clearly find oscillatory solutions [19] . By defining
these solutions can be written as
which means that a small and slow (in r) perturbation induces an oscillatory regime in the RNBH state. Being the coordinate r positive, this condition holds if r > 4 4π M . This quantity is related to the turnaround point r 0 = M 2 where the infall velocity slows all the way to zero between the two horizons of the extremal RNBH and the oscillation may occur when the coordinate takes values r > 4 √ 4π. Another type of solution is found when P < 0. By setting P 1 = −P > 0, Majorana found the following solution for a small perturbation in r:
In this case the perturbation is suddenly exponentially damped, confirming the stability of the solutions found so far.
CONCLUSION REMARKS
We discussed the properties and behavior of the gravitational collapse of a charged object forming a Riessner-Nordström black hole down to the quantum level, by calculating the gravitational potential, the Schrödinger equation and the exact solutions of the energy levels of the gravitational collapse. By using the concept of BH effective state [1] , the quantum gravitational potential, the mass spectrum and the energy spectrum for the extremal RNBH have been found. From the mass spectrum, the area spectrum has been derived too and this area spectrum is consistent with the previous result by Bekenstein [3] .
Finally, the stability of these solutions were described with the Majorana approach [19] to the Archaic Universe scenario [18] , finding the existence of oscillatory regimes or exponential damping for the evolution of a small perturbation from a stable state.
